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Abstract 
Approximate inverse systems and their limits were first defined for systems of metric 
compacta. Then the notion was extended to systems of arbitrary spaces. In both cases the 
usual commutativity requirement ~~,,p,~,~~ =paaff, a < a’ < a”, on the bonding mappings was 
replaced by a weaker condition, which allows the mappings paanpacn,, and paann to differ, 
though in a controlled way. In the first case the difference is measured by numbers E, > 0, 
while in the second case it is measured by normal coverings Z0 of X,. In the present paper 
one considers only systems of metric compacta and compares the two definitions in this 
case. Surprisingly, they are not equivalent and the first one can actually depend on the 
choice of the metrics. 
Keywords: Inverse system; Approximate inverse system; Inverse limit 
AMS CMOS) Subj. Class.: 54B35, 54F45 
1. Introduction 
Approximate (inverse) systems differ from usual inverse systems in that the 
commutativity requirement p,,gp,g,ll =P,,!~, a G a’ =g a”, on the bonding mappings is 
replaced by a weaker condition, which allows the mappings paalpatall and paall to 
differ. However, this difference is carefully controlled. Approximate systems were 
first defined by MardeSiE and Rubin [ll for systems of metric compacta. The 
noncommutativity was controlled by numbers E, > 0. We shall refer to these 
systems as approximate AIR-systems. Then MardeSiE and Watanabe [3] defined 
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approximate systems, for arbitrary spaces, measuring noncommutativity by normal 
coverings. We shall refer to these systems as approximate MWsystems. In the 
present paper we compare both definitions applied to systems of metric compacta. 
We show that every MR-system can be viewed also as an MW-system, but the 
converse is false. We also show that the notion of an MR-system depends on the 
choice of the metrics. 
Before recalling the basic definitions from [1,3], let us agree that for open 
coverings Z!, ‘57 of X, 74 % means that 7 refines %. If F is an open covering of 
Y and f, f’ : X -+ Y are mappings, then (f, f’> + ‘7 means that f and f’ are 
‘Fnear mappings, i.e., for each x EX there is a I/E Zr such that f(x), f’(x) E V. 
Definition 1.1. An approximate MW-system X=(X,, %a, paa,, A) consists of the 
following data. A preordered set (A, G>, which is directed and unbounded (no 
maximal element), for each a EA, a metric compact space X, and an open 
covering %a of X,, called the mesh of X,, and for a G a’, a map p,,, : X,, +X, 
(p,, = id on X,). One requires three conditions: 
(Al) (P,,, Pa,a,7 p,,,> + Za/,, for a2 > a, > a, 
(A2) for each a EA and each open covering Z of X,, there exists a’ & a such 
that (P,,, P,,,,, p,,,) < %‘, whenever a2 > a, 2 a’, 
(A3) for each a EA and for each open cover Z! of X,, there exists a’ 2 a, such 
that %!a,! <p&!(g), whenever a” > a’. 
Definition 1.2. An approximate MR-system X = (X,, F,, paat, A) consists of X,, 
P aa,, A as above. Each X, is endowed with a metric d and E, are numbers > 0, 
called numerical meshes. One requires 
(Al)” d(p”~,p”1~2z> P,,,) G E, for a2 2 a, 2 a, 
(A2)* for each a E A and each 77 > 0, there exists a’ 2 a such that 
d( Pall, Pqa,, p,,,> G 77, whenever a2 2 a, > a’, 
(A3)* for each a EA and each 77 > 0, there exists a’ > a, such that 
diam p,,(S) G 77, whenever a” 2 a’ and S LX,,,, diam S < ,zall. 
2. MR-systems are MW-systems 
Theorem 2.1. Let X = (X,, E,, paal, A) be a cofinite MR-system of metric compacta. 
Then there exist open coverings %” of X, such that XMW = (X,, Za,, paal, A) is an 
MW-system of metric compacta. 
Proof. By [2, Lemma 11, if (X,, E,, p,,,, A) is a cofinite MR-system (i.e., each 
a E A has a finite number of predecessors), then there exist numbers &‘, > E, such 
that X’ = (X,, EL, paal, A) is also an MR-system. Given a EA, let Za be the open 
cover of X, consisting of all open sets U, LX, with diam U, < CL. 
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In order to verify condition (Al) for XMW, consider a < a, < a2 and x EX~,. 
Since X is an MR-system, we have 
+%,&z&)7 &&>) GE,. (2-I) 
Consider the open balls V, = B(y,, r>, i = 1,2, with centers yr =~~~~p~,~,(x), yz = 
paJx> and radius r = $(eL - Ed) > 0. Their union U = U, U U, is an open set of 
diameter diam U < .$ and therefore, U E Zl*. Since yr, y2 E U, we conclude that 
condition (Al) holds. 
In order to verify condition (A2), consider a EA and an open covering %! of X,. 
Let 77 > 0 be a Lebesgue number of Z. By property (A2)*, find a’ 2 a so large that 
d(PaalP)a1a2’ p,,,) G 7, whenever u2 & a, > a’. Clearly, this implies (A2). 
Applying (A3)* for X’ to a and the same n > 0, one obtains an a’ 2 a such that, 
whenever urr 2 a’, S cX,,, and diam S <EL,,, then diam(p,,,,(S)) < 7. Since, 
diam U,,, G E:,,, for each U,,, E FY*,,, we conclude that diam(p,JU,,,)) < 77 and 
therefore, the set p,JU,,,> must be contained in some member U E %‘, i.e., 
FYa,, <p,!(Z), as required by (A3). 0 
Remark 2.2. The systems X and XMW have the same limit X because the 
definition of limit in both approaches does not use meshes. Indeed, a point 
x = (x,) E FI,X, belongs to the limit X provided x, = lim.,..p,,,(x,,) for each 
a EA (see [l, Definition 2 CL’)] and [3, Remark 1.13 (L*)]). Notice that the same 
definition applies regardless of the validity of conditions (Ai) or (Ail”. 
3. MW-systems induce MR-systems 
Theorem 3.1. Let X= (X,, 7Ya’,, paal, A) be an approximate system of metric com- 
pucta satisfying conditions (A2), (A3). Then there exist real numbers E, > 0, a EA, 
such that (X,, Ed, p,,,, A) satisfies conditions (A2)*, (A3)“. 
Proof. Given a EA, let E, be a Lebesgue number of the covering Za. We claim 
that (X,, E,, ~~~~~ A) has properties (A2)*-(A3)*. Iudeed, given a EA and 77 > 0, 
let Y be the open covering of X, formed by all the (q/2)-balls. Then (A2), 
applied to a and V, yields an index a’ 2 a such that (paalpala2, P,,,) < 7, 
whenever u2 > a, 2 a’. By the choice of Y, this implies d(p,,Ip,,,2, p,,,) < 7, as 
required by (A2)*. 
In order to verify (A3)*, apply (A3) for X to a and 7. It yields an a’ 2 a such 
that $Va,, < (p,,,,)-‘(Y), whenever a” 2 a’. If S LX,,, is a set with diam S < aafJ, 
then there is a U E ZYO,, such that S G U. Therefore, diam(p,,&S)) < 7, as required 
by (A3)*. 0 
Remark 3.2. Example 4.1, exhibited in the next section, shows that there exist 
cofinite MW-systems (X0, ‘Za,, p,,,, A) such that, for no choice of numerical 
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meshes E, > 0 is (X,, E,, p,,,, A) an MR-system, i.e., satisfies all three conditions 
(Al)*-(A3)*. 
We will now show that the failure of condition (Al)* (or (Al)) in an approxi- 
mate system, though inconvenient, is not a serious problem, because a suitable 
weakening of the ordering in the indexing set will introduce property (Al)* 
without affecting the limit. 
Definition 3.3. Let G be a reflexive binary relation on a set A. A cofinaf 
weakening of < is a reflexive antisymmetric subrelation G’ of G on A with the 
following two properties: (i) each a EA admits an a’ EA with a < ‘a’, i.e., a G ‘a’ 
and a # a’, (ii> a < ‘u’ G a” implies a < ‘a”, for any a, a’, a” EA. 
Lemma 3.4. Let G’ be a cofinul weakening of a reflexive relation =G on a set A. 
Then 6 ’ is an ordering on A. Moreover, if A = (A, < > is directed and unbounded, 
then so is A’= (A, =G’). 
Proof. If a < ‘a’ G ‘a”, then a <‘a’ G u” and therefore a <‘a”, which establishes 
transitivity of =G’. If 6 is directed and a,, u2 EA, then there exist a;, a; EA such 
that a, <‘a’,, u2 <‘a; and there exists u’ EA such that a;, a; G a’. Therefore, a,, 
u2 <‘a’, which shows that also G’ is directed. If a’ EA’ would be a maximum of 
A’, i.e., a G ‘a’, for all a E A, then one would also have a G a’ for all a E A, which 
contradicts the unboundedness of A. q 
Theorem 3.5. Let X= <X,, E,, P,,~, A) be an approximate system of metric com- 
puctu over a preordered directed and unbounded set (A, < ) and let conditions 
(A2)*, (A3)* hold. Let A’ = (A, G ‘> be the set A endowed with the binary relation 
G ‘, w h ere a G ‘a’ provided a = a’, or a Q a’, a’ is not < a and 
d(paa,paln2, P,,,) G &at whenever a2 Z= al a a’. (3.1) 
Then G’ is a cofinul weakening of < on A and X’ = <X,, E,, P,,~, A’) is an 
MR-system, i.e., it satisfies conditions (Al)*-(A3)*. 
Proof. a G ‘a’ and a’ < ‘a imply a G a’ and a’ G a, and therefore, a # a’ is impossi- 
ble. Since A is unbounded, every a E A admits an u* E A such that u* G a does 
not hold. Because of (A2)* for X, there exists an a’ EA, such that a, u* G a’ and 
(3.1) holds. Clearly, a’ G a cannot hold and therefore, a <‘a’, which is condition (i) 
of Definition 3.3. Condition (ii) is also an easy consequence of (A2)*. 
By Lemma 3.4, A’ = (A, G ‘> is a directed unbounded ordered set. We claim 
that X’ = (X,, E,, pan,, A’) is an MR-system. To verify (Al)*, for a given a choose 
any a’ > ‘a. Then a’ < ‘a, G ‘u2 implies a’ G a, G u2 and (3.1) holds. If a E A and 
77 > 0, (A2)* for X yields an a’ > a such that 
d(Paa,PalaZ, P,,,) G 77, whenever a2 2 al > a’. (3.2) 
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To obtain (A2)” for X’, it suffices to choose an ah > ‘a, a’. Then (3.2) holds, 
whenever a2 > ‘a, > ‘ah, because it implies a2 > a, > a’. A similar argument applies 
to (A3)*. q 
Remark 3.6. For X and X’ as in Theorem 3.5, one has lim X= lim X’. It suffices 
to see that the conditions 
lim p,,( xaf) =x, and 
a’ EA 
a!irr,&$( xa,) = x, (3.3) 
are equivalent. Indeed, if the second condition holds and U is a neighborhood of 
x,, then there exists an a, 2 ‘a, such that p,,,(x,,) E U, whenever a’ > ‘a”. Choose 
a, > ‘a,. Then, a, 2 a and a’ 2 ui implies a’ > ‘a,. Consequently, paaJ(x,,) E U, 
which establishes the first condition in (3.3). The verification of the converse 
implication is immediate. 
Remark 3.7. Application of Theorems 3.1 and 3.5 shows that with an arbitrary 
MW-system of metric compacta X= (X,, Za,, paa!, A) one can associate an MR- 
system X MR = (X,, E,, Pa,!, A’), where A’ is obtained from A by a cofinal 
weakening of the ordering. Moreover, lim X = lim XMR. 
4. Examples 
Example 4.1. Let A = N, X,, = [- 1, 11 c R, for n E N, and let 
(4.1) 
for n < n’. If n = n’, put p,, = id. Finally, let %,, be the open covering of [ - 1, 11, 
which consists of the half-open interval (-l/n, 11 and the sets B(x, l/n> n 
[- 1, O), x < 0, where B(x, l/n> is the open ball in [w with center x and radius 
l/n. 
Let us first show that X= (X,, &‘,, p,,,, N) satisfies conditions (Al)-(A3). For 
x > 0, pnn,pnIn2(x), p,,,z<x> E [O, 11 G (- l/n, 11 E Y?J~ and therefore, (Al) is ful- 
filled. To verify (A2), consider any open covering Y of [ - 1, 11 and any of its 
members U, which contains 0. Note that, for n2 > n, a n’ > n and x 2 0, one has 
O<pnn,pn,nz(x)=x/(nl -n)(n,-n,><x/(n, -n),O~~"~Z(x)=x/(n~-n). Con- 
sequently, for n’ sufficiently large, both points belong to U. In order to verify (A3), 
consider a Lebesgue number 6 > 0 of the covering Y/ and choose rz’ > n so large 
that l/(n’ -n> < S/2 and thus also l/n’ < S/2. Then, for any n” 2 n’, one has 
p,,J[O, 11) c [O, l/(n’ - n)l z [O, 6/2) and p,,J( - l/n”, 01) = (- l/n”, 01 c 
(--a/2, 01. Consequently, p,J- l/n”, 11) is a set of diameter G 6. The same is 
true of all other members of ZYnJ,, because p,,,,,, I [ - 1, 01 is the identity mapping and 
therefore, pnnn(B(x, l/n”) f~ [ - 1, 0)) = B(x, l/n”) n [ - 1, 0) c B(x, S/2). By the 
choice of 6, one concludes that p ,,,,,, maps each member of Y/n,, into a member of 
%‘, as required by (A3). 
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Now assume that there exist numbers E, > 0 such that (Al)” and (A3)* hold. By 
(A3)*, for any 0 < 7 < 1, there exists an IZ’ such that for n” > n’ and x, x’ E [ - 1, 01, 
the distance I x -x’ I = I pl,&) -pl,dx’) I < 7, whenever I x -2 1 <Q. How- 
ever, this implies that E,,,, < n and thus limn,,e, = 0. On the other hand, 
P nfl+l ~~+i~+~(l) = 1, pnn+#) = l/2 and therefore, d(~~~+i~~+i~+~(I), p,,+,(l)) 
= l/2. Consequently, (Al)* implies E, 2 l/2 for all n E N, which is a contradic- 
tion. 
Example 4.2. If in Example 4.1 we replace the Euclidean metric d on X,, = [ - 1, 11 
by the equivalent metric d, = d/n, and if we put F, = l/n, we obtain an approxi- 
mate system of metric compacta with numerical meshes X” = (X,, E,, p,,!, N), 
which satisfies all three conditions (Al)*, (A2)*, (A3)*. 
Indeed, for n < n1 < n2 and x > 0, one has d,,(p,,,p,,,,Jx), p,,,(x)> < l/n = E,, 
because I x ( G 1 and l/h, - n) =G 1, l/(n, -n&z, - n,) =G 1. If n <n’ <n, < n2 
and x > 0, then d,(p,nlpnlnz(x), p,,,(x>) tends to 0, when n’ + m, because l/(n, 
- n)(n, - n,) < l/(n, -n) and l/(n, - n) tends to 0, when n’ + ~0. This verifies 
(A2)“. To verify (A3)*, note that for n < n’ <n” and x, x’ EX~,,, the assumption 
d,t,(x, x’) < c,n is equivalent to d(x, x’) G 1. Therefore d,(p,Jx), p,Jx’)) < 
l/n(n” - n) tends to 0, when n’ + m. 
Examples 4.1 and 4.2 show that the validity of conditions (Al)*, (A2)*, (A3)* 
depends on the choice of the metrics. This suggests that even in the case of 
metrizable compacta, the definition of approximate systems based on coverings 
and conditions (Al), (A2), (A3) should be favored over the definition which uses 
numerical meshes and conditions (Al)*, (A2)*, (A3)*. 
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